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Vilfredo Pareto

Possible points of economic equilibrium: 

points in which nobody’s interests can be 
improved without deteriorating someone 
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improved without deteriorating someone 
else’s interest

A Pareto Space

energy
configurations

Pareto points:
optimal trade-offsquantity
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a dominates b iff b is not better than a in any aspect
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Today’s Applications

• Multidimensional optimization or decision making:
Candidate optimal solutions when a cost function relating 
the individual aspects is unknown

• Design-space exploration problems
• IC design closure, iteration-free design
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• IC design closure, iteration-free design
• Run-time configuration

bandwidth, energy, timeliness, perceived quality trade-offs

Approach: Pareto Algebra

producer-consumer operation
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key issue: efficiency

idea: algebraGoal:
• Compositional calculation of trade-offs
• Incremental decision making

Approach: Pareto Algebra

producer-consumer operation
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Goal:
• Compositional calculation of trade-offs
• Incremental decision making

• Minimization 
• Alternative
• Constraints
• Product
• Abstraction
• Join

Explicit Pareto Calculator (Geilen07)

• C++ library for Pareto Algebra 
• XML frontend for specifying models

and computations
• A variation has been used in configuring wireless 

sensor networks under QoS constraints (Hoes07)
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sensor networks under QoS constraints (Hoes07)
• Representing configurations and performing the 

operations explicitly is not always efficient and 
sometimes infeasible
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http://www.es.ele.tue.nl/pareto/



Binary Decision Diagrams ( BDD)

• Based on recursive Shannon expansion

f  =  x fx + x’ fx’

• Compact data structure for Boolean logic
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• Compact data structure for Boolean logic

– can represent sets of objects encoded as 
Boolean functions very efficiently

• Very efficient implementation in CUDD

BDD Representations of Pareto concepts
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Symbolic Pareto algebra operations
– Alternative

Set union of configurations
BDD OR

– Constraints
Set intersection of configurations 
BDD AND

– Abstraction
Discards information about solutions
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Discards information about solutions
BDD Restrict 
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¯ energy

• Product
Cartesian product of configurations
Disjoined domains for configurations-Renaming
BDD AND
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# of nodes = 8

Symbolic Pareto algebra operations
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# of nodes = 8
# of path = 3

# of nodes = 8
# of path = 3

# of nodes = 16
# of path = 9

X



• Join
product, while matching on a particular axis 

Symbolic Pareto algebra operations
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• Producer-Consumer 
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Symbolic Pareto algebra operations
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• Minimization (min)
Gives the Pareto points of a set of configurations
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Symbolic Pareto algebra operations
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Encoding and Decoding
• Encoding

actual values � consecutive integers � BDD
• Decoding

BDD � consecutive integers � actual values
• Time consuming but one time
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Experiments
Confs Dec E Mem Alternative Abstrac Product Join ProdCon Min

S S NS S NS S NS S NS S NS S NS S NS S

100 0.01 .01 2 0.3 0.03 0.01 0.03 0.01 1.2 0.01 0.2 0.01 1.9 4 0.03 0.06

100 0.01 .03 9 0.8 0.06 0.02 0.05 0.01 1.8 0.01 0.3 0.01 1.4 3 0.04 0.07

1000 0.1 1 7 5 0.1 0.03 0.1 0.01 105 0.03 0.4 0.02 14 19 0.07 1

1000 0.4 2 15 23 0.3 0.04 0.2 0.01 182 0.04 1 0.03 16 34 0.1 2

10000 0.5 7 11 4 0.5 0.04 0.4 0.01 EM 0.09 5.5 0.07 14 20 0.5 17
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10000 0.5 7 11 4 0.5 0.04 0.4 0.01 EM 0.09 5.5 0.07 14 20 0.5 17

10000 10 9 44 12 0.7 0.06 0.9 0.07 EM 0.2 6.6 0.12 16 33 1 71

100000 9 67 60 8 4.5 0.11 2 0.02 EM 0.17 78 0.1 18 20 3 94

100000 119 94 150 20 9.1 5 7.1 0.7 EM 0.7 96 0.5 20 33 15 200

• Performance depends on the application scenario
• In MPEG-4 streaming scenario ( producer-consumer & minimization), 

explicit calculator works better
• In MMKP( Products, constrain and one minimization), SPaC works better.

• It seems worthwhile to consider a hybrid implementa tion

Conclusion and future work

• A symbolic implementation of Pareto algebra
– compositional computation of trade-offs
– BDDs provide 

• very compact representations 
• very efficient implementations of several operationsQuestions?
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• very efficient implementations of several operations

• A hybrid Pareto-algebra implementation
• Other symbolic representations (TEDs)
• SPaC, explicit calculator and a common user 

friendly API are available at:
http://www.es.ele.tue.nl/pareto/

Questions?


